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and its geometric and topological features examined. It is used to formulate string theory

in T-fold backgrounds with T-duality transition functions and a quantum implementation

of the constraints of the doubled formalism is presented. This establishes the quantum

equivalence to the usual sigma-model formalism for world-sheets of arbitrary genus, pro-

vided a topological term is added to the action. The quantisation involves a local choice

of polarisation, but the results are independent of this. The natural dilaton of the dou-

bled formalism is duality-invariant and so T-duality is a perturbative symmetry for the

perturbation theory in the corresponding coupling constant. It is shown how this dilaton

is related to the dilaton of the conventional sigma-model which does transform under T-

duality. The generalisation of the doubled formalism to the superstring is given and shown

to be equivalent to the usual formulation. Finally, the formalism is generalised to one in

which the whole spacetime is doubled.
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1. Introduction

A conventional ‘geometric’ string background consists of a spacetime manifold equipped

with a metric and various gauge fields, which may be connections for bundles or gerbes

over spacetime, and satisfying field equations arising from the requirement that quantising

the corresponding sigma-model gives a conformal field theory. However, string theory can

be consistently defined in many non-geometric backgrounds that are not of this type [1]–

[12], and it seems likely that generic string theory solutions will be non-geometric. In

particular, conventional compactifications can be generalised to ones where the internal

compact manifold is replaced with string theory in a non-geometric background, resulting

in a conventional theory in a geometric four-dimensional spacetime. This has been explored

in [2], where it was argued that this gives a much wider class of effective four-dimensional

field theories than can be obtained from conventional compactifications.

An important class of non-geometric backgrounds are those which are constructed from

local patches, each of which is a patch of a conventional geometric string background, but

these patches are glued together with transition functions that include duality transforma-

tions as well as the usual diffeomorphisms and gauge transformations [1]. This can give
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T-folds with T-duality transition functions or U-folds with U-duality transition functions,

or mirror-folds with mirror symmetry transition functions. T-folds or U-folds require each

patch to be the product of a torus with some open set in a base space N , so that the

T-fold has a torus fibration over N , while a mirror-folds have a Calabi-Yau fibration. More

exotic possibilities include gluing a heteroic string theory patch with a T 4 fibration to a

IIA string theory patch with a K3 fibration, as these theories are dual [14].

The T-fold backgrounds can be studied within perturbative string theory and so can

be most fully treated. Locally, a T-fold looks like a conventional patch of a spacetime with

a torus fibration. T-duality [16] was shown in [17 – 20] to be a symmetry of spacetimes

that torus fibrations in which there was a U(1)d isometry, so that they are principle U(1)d

bundles. This was generalised in [10] to the case of general torus bundles in which there

may be no globally defined killing vectors, so establishing the result that T-duality can be

done fibrewise, provided that certain obstructions are absent. However, applying T-duality

to geometric backgrounds with fluxes in general gives a T-fold [1], not a geometric space,

and so one is led to consider such backgrounds.

Let Xi be coordinates on the torus fibres, and Y m be the remaining coordinates, and

the d2 moduli τ ∈ O(d, d)/O(d)×O(d) of the torus T d depend on Y in general. Quantising

the coordinates X gives a torus conformal field theory specified by the moduli τ(Y ) for

each Y . The conformal field theory has an O(d, d;Z) symmetry, and moduli related by

an O(d, d;Z) transformation determine the same conformal field theory. Then O(d, d;Z)

transition functions allow the consistent construction of a bundle of torus conformal field

theories over some base space N with local coordinates Y . One can then integrate over

the fields Y m to give the quantum string theory in such a T-fold background.

In formulating the conformal field theory on the T d fibres, an extra d coordinates X̃i

for a dual torus T̃ d are needed. These are conjugate to the winding number, and are

needed to write vertex operators such as eikL·XL where XL = X − X̃, and to formulate

string field theory. For string field theory in toroidal backgrounds, the string field should

depend explicitly on X̃ as well as X [21]. This means that generic solutions of string field

theory depend on both X and X̃ ; some interesting examples of backgrounds depending

non-trivially on X̃ have been investigated in [2]. However, T-fold backgrounds do not

depend explicitly on X̃, so can be expressed in terms of conventional spacetime fields

locally. In [1], a formulation of string theory on a T-fold was given, with a target space

which had a T 2d doubled torus fibration with local coordinates Xi, X̃i, Y
m. For a T-

fold, the doubled patches fit together to form a T 2d bundle M̂ over the base N , and the

theory is formulated as a sigma-model with target space M̂ . This formulation is manifestly

O(d, d;Z) invariant. To obtain the conventional theory, a constraint is imposed that halves

the doubled degrees of freedom on the torus; for a flat background, this constraint requires

half of the 2d scalar fields on T 2d to be left-movers and half right-movers. The constraint

is well-defined on M̂ and is O(d, d;Z) invariant. The conventional theory is regained by

choosing a polarisation, i.e. by choosing half of the coordinates on the torus T 2d to be

the physical spacetime coordinates. This involves choosing a T d ⊂ T 2d and can be done

globally for a geometric background, but only locally in each patch for a T-fold, and in

general the polarisation changes from patch to patch. T-duality can be thought of as acting
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to change the polarisation [1], and so the statement that the physics is T-duality invariant

implies that the choice of polarisation does not affect the physics.

The sigma-model on the doubled space M̂ can be quantised in the usual way, but the

problem arises as to how to implement the constraint. One approach is to first quantise

the variables X, X̃ , for fixed Y . One can first solve the constraint and then quantise. The

constraint is a self-duality condition that relates ∂X̃ and ∂X, and it is important that in

the doubled formulation for a T-fold, X̃ only enters through its derivative ∂X̃ . Then the

constraint can be used to give ∂X̃ in terms of ∂X. The constraint implies the classical

world-sheet field equations for X, X̃ , and for a cylindrical world-sheet the field equation

for X can be solved in terms of the oscillators, momenta and winding modes for X. These

can be quantised in the usual way to obtain the usual CFT on T d. This gives a torus CFT

with moduli τ(Y ) for each point Y and hence a bundle of CFT’s over N . The final step is

then to quantise Y .

While this paper was in preparation, the paper [13] appeared, giving a constrained

Hamiltonian approach for T-folds on cylindrical world-sheets, using Dirac brackets to quan-

tise the system. This was applied to an example of a T-fold which is an asymmetric orbifold,

and gave the same results as the conventional quantisation of this system. An interesting

feature is that, at least for this explicit example, no choice of polarisation is needed.

However, it is desirable to have an off-shell formulation which does not impose field

equations, and which applies to world-sheets that are Riemann surfaces of arbitrary genus.

The constraint requires that a certain conserved current J vanishes, and it was suggested

in [1] that this could be imposed by gauging the symmetry generated by J , adding a

coupling C · J to a world-sheet gauge field, plus quadratic terms in C. It will be shown

here that this does not quite work, but that one can instead gauge half of the currents J

and this is sufficient to impose the constraint. Gauge-fixing and integrating out the gauge

fields then recovers the usual (undoubled) sigma-model formulation locally. The choice

of which half of the currents J to gauge is the choice of polarisation. For a geometric

background, there is a global choice of polarisation and the usual formulation is recovered,

but for a T-fold, there is no global choice, and the quantisation involves a choice of a

different polarisation in each patch. Nonetheless, the resulting quantum theories should

patch together to give a consistent well-defined theory. Then the situation is similar to

gauge theory, which has a globally-well defined gauge-invariant quantum effective action,

even though in the calculation of this one must gauge-fix, breaking the manifest symmetry,

and in general one must make a different gauge choice in different patches.

This allows the definition of the quantum theory for Riemann surfaces of arbitrary

genus, and it is found that the classical action must be supplemented by a topological term

in order to achieve complete equivalence to the usual formulation. This term does not

affect the classical theory, but introduces certain relative signs in the sum over topological

sectors. It is also shown that there is a functional Jacobian that arises in changing between

the formulations, and this has important physical consequences at one-loop and higher.

For a T-fold to be a good string background, the resulting quantum theory must be

conformal and modular invariant. Conformal invariance requires that in any patch, g, b and

the dilaton must satisfy the usual β-function equations, so that there is a conformal field
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theory in each patch. Modular invariance then imposes conditions on the allowed transition

functions. For example, a special class of T-folds are asymmetric orbifolds, and it is well-

known that modular invariance only allows a restricted class of asymmetric orbifolds. Then

a T-fold string background is locally conformal, i.e. it is constructed from patches in each

of which the geometric data satisfies β-function equations, and the transition functions are

chosen to be compatible with modular invariance.

In addition to showing how to quantise in the doubled formalism and establishing its

equivalence to the usual formalism, a number of other issues left over from [1] will be

discussed. The doubled formulation will be re-expressed in a form in which its geometric

structure is more apparent, using results from [10]. A careful treatment of the global

structure will be given and applied to the quantum theory. A puzzle arises in the issue

of the dilaton coupling. In the doubled formalism, the natural dilaton coupling through a

Fradkin-Tseytlin term is necessarily duality invariant, while it is known that the dilaton

in the usual sigma-model transforms under duality. It will be shown that these results

are consistent and that the dilatons in the two formalisms are indeed different, and the

relationship between them will be found. The string perturbation theory involving the

dilaton arising in the doubled formalism is duality invariant so that T-duality is manifestly

a perturbative symmetry, and this coupling constant is the same as that of string field

theory [21].

In section 8, the results are extended to the supersymmetric doubled formalism, and

the relationship to the usual formalism again established. In section 10, the formalism is

generalised to one in which all coordinates are doubled, not just the tori, and this gives a

formalism applicable to general spaces, not just to torus bundles.

There is an interesting relation with Hitchin’s generalised geometry [15]. In generalised

geometry, a conventional geometry with a D-dimensional manifold M equipped with a met-

ric tensors g and a gerbe connection b is considered, and it is found that many features are

elegantly expressed on T ⊕ T ∗(M), or the twisting of this by a gerbe, and there is a nat-

ural action of the continuous group O(d, d). The transition functions are diffeomorphisms

and b-field gauge transformations, giving transition functions GL(D,R) on T ⊕ T ∗(M), or

the semi-direct product of this with b-transformations for the twisted version. T-folds are

more general than generalised geometry, with transition functions including the discrete

group O(d, d;Z) for T d fibrations, and are not manifolds with tensor fields g,H. While

generalised geometry doubles the tangent space, doubled geometry doubles the torus fi-

bres, or the whole manifold. Doubling the manifold of course entails doubling the tangent

space. Both kinds of geometry have a natural action of O(d, d) and similar O(d, d) covariant

structures appear in both. However, doubled geometry is governed by the discrete group

O(d, d;Z) and T-duality is an essential feature, while in generalised geometry only the con-

tinuous group O(D,D) appears. On the other hand, the generalised geometry approach

can be applied to any manifold, while T-folds arise naturally only for torus fibrations.

The relation between doubled geometry and generalised geometry will be discussed further

elsewhere.
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2. String backgrounds

The string backgrounds that will be considered here can be constructed from local patches

and in each patch there is a conventional string background, so that each patch is diffeomor-

phic to a contractible open set in RD equipped with a metric g and a 2-form b. A geometric

background is a manifold made from patches of this type with transition functions that

are diffeomorphisms and 2-form gauge transformations δb = dλ, so that g and H = db are

tensor fields on M . T-folds are non-geometric backgrounds where the transition functions

also include T-dualities, so that the result is not a manifold with tensor fields. In this

section, the local structure of such backgrounds will be reviewed, and the global structure

will be discussed in section 7.

A geometric string background is then a manifold M with a metric g and closed 3-form

H. In each local patch, one can introduce local coordinates φµ (µ, ν = 1, . . . ,D, where

D is the dimension of M) and H is given in terms of a 2-form potential b, H = db. The

lagrangian is

L =
1

2
gµνdφµ ∧ ∗dφν +

1

2
bµνdφµ ∧ dφν (2.1)

Here dφ is a 1-form on M pulled-back to the world-sheet. The world-sheet metric is taken

to have Lorentizan signature, and ∗ is the world-sheet Hodge duality operator satisfying

(∗)2 = 1. (The formulae will be presented here for Lorentizan world-sheet metrics. The

continuation to Euclidean signature is straightforward, and in most formulae in this paper is

given by replacing ∗ with −i∗, as (−i∗)2 = 1 in Euclidean signature, and taking lagrangian

2-forms L → −iL. In (2.1), this has the net effect of replacing b with i b.)

If M is a torus bundle over some base manifold N with fibres T d, then it can be

constructed from patches of the form U ′ = U ×T d where U is a patch on the base manifold

N , diffeomorphic to a contractible open set in RD−d. In each such patch U ′, there are

d commuting vector fields ki = kµ
i ∂/∂φµ tangent to the fibres, with each ki generating a

periodic orbit. It will be assumed they are Killing vectors with

LiH = 0 (2.2)

where Li is the Lie derivative with respect to ki, generating a freely acting U(1)d isometry

of U ′. For principle bundles, these extend to globally defined Killing vector fields on M , but

for general torus bundles they do not. In [10], T-duality and the gauging of sigma-models

was generalised to such general torus bundles without isometries.

Consider then a patch of a string background U ′ = U × T d with a metric g, a 2-form

b and d Killing vectors in U ′ tangent to the fibres. They could fit together to form either

a torus bundle over N , or a T-fold over N . The norm of the Killing vectors

Gij = g(ki, kj) (2.3)

defines a matrix of functions on U and, as this is non-degenerate in U (assuming g restricted

to the fibres is positive definite), there are one-forms ξi with components

ξi
µ = Gijgµνkν

j (2.4)
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dual to the Killing vectors. The field strengths

F i = dξi (2.5)

satisfy

ιiF
j = 0 (2.6)

where ιi deontes contraction with ki. The metric can be written as

g = ḡ + Gij ξi ⊗ ξj (2.7)

where ḡ is a metric on U . The ξi define a natural frame on the fibres over U .

Next we give an alternative derivation the results of [10] for the general form of H. The

condition (2.2) implies that ιj1 . . . ιjnH is closed for n = 1, 2, 3, so that in a contractible

open set V ⊂ M they are exact. Then

ιiιjιkH = Kijk (2.8)

are constants (in V ) and

K =
1

6
KijkdXi ∧ dXj ∧ dXk (2.9)

defines a closed 3-form, so that

H ′ = H − K (2.10)

is closed and satisfies

ιiιjιkH
′ = 0 (2.11)

The analysis of [10] can now be applied to H ′. In V , there is are 1-forms vi and 0-forms

Bij = −Bji such that

ιiιjH
′ = −dBij (2.12)

ιiH
′ = dvi (2.13)

and (2.11) implies

LiBjk = 0 (2.14)

The 1-forms vi are only defined up to the addition of an exact 1-form. Consider then

v′i = vi − dfi (2.15)

where fi are functions on V satisfying

ιidfj = Bij + ιivj (2.16)

The integrability condition ιkdιidfj = ιidιkdfj for (2.16) is satisfied as a result of (2.11) [10],

so that solutions fi exist. Then

ιiv
′
j = Bij (2.17)

and

Liv
′
j = 0 (2.18)
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The locally-defined 1-forms

Ãi = v′i + Bijξ
j (2.19)

are horizontal

ιiÃj = 0 (2.20)

and invariant

LiÃj = 0 (2.21)

so that they can be regarded as 1-forms on U ⊂ N . They are connections for a bundle

over N [10] with curvature

F̃i = dÃi (2.22)

which is horizontal, ιiF̃j = 0. Then

H = H̄ + F̃i ∧ ξi + dB + K (2.23)

where

B =
1

2
Bijξ

i ∧ ξj (2.24)

and H̄ is a 3-form on N satisfying

dH̄ = −F̃i ∧ F i; (2.25)

A 2-form potential b with db = H is given by

b = b̄ + ξi ∧ Ãi +
1

2
Bijξ

i ∧ ξj + κ (2.26)

where dκ = K, so that κ can be taken to be

κ =
1

6
KijkX

i ∧ dXj ∧ dXk (2.27)

b̄ is a 2-form on U ⊂ N with

H̄ = db̄ + F i ∧ Ãi (2.28)

Using the symmetry, these results extend from a contractible patch to any patch of the

form U ′ = U × T d.

In adapted local coordinates φµ = (Xi, Y m) in which

kµ
i

∂

∂φµ
=

∂

∂Xi
(2.29)

the Lie derivative is the partial derivative with respect to Xi, so that gµν ,Hµνρ are inde-

pendent of Xm. Then

ξi = dXi + Ai (2.30)

where Ai = Ai
m(Y )dY m satisfies ιiA

j = 0 and

dAi = F i (2.31)
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satisfies ιiF
j = 0. The Ai are connection 1-forms for M viewed as a bundle over N .

The derivation of T-duality of [10], generalising that of [17 – 20], involves the gauging

of the symmetry generated by the ki. If K = 0 and the Ã and the Bij are globally defined,

then the obstructions to gauging of [23] are absent as a result of (2.17), (2.18); however, in

general Ã and Bij will not be globally defined.

In general the Ãi = Ãim(Y )dY m are connections for a dual bundle M̃ over N , built

from patches U × T̃ d, and so will not be globally defined. Globally defined one-forms are

defined by introducing fibre coordinates X̃i on T̃ d so that

ξ̃i = dX̃i + Ãi (2.32)

is a well-defined 1-form on M̃ and

F̃i = dξ̃i = dÃi (2.33)

is also horizontal. To be able to define a well-defined quantum sigma-model, the fibres T̃ d

are taken to be the torus dual to the torus fibres in U ′ = U × T d [10]. If Xi has period

2πRi and X̃i has period 2πR̃i, then these are related by Ri = α′/R̃i. In addition to the ki,

there are vector fields k̃i tangent to the new fibres

k̃i =
∂

∂X̃i

(2.34)

The k̃i commute with the ki.

This allows the construction of a doubled patch Û = U × T d × T̃ d with fibres T 2d,

coordinates Y m and XI =

(
Xi

X̃i

)
(2.35)

where I = 1, . . . , 2d, and connections

AI =

(
Ai

Ãi

)
(2.36)

so that the one-forms

Ξ =

(
ξm

ξ̃m

)
(2.37)

are well-defined 1-forms.

The isometries on M̂ can now be gauged provided there is no 3-flux on the fibres [10]:

ιiιjιkH = 0 (2.38)

so that H ′ = H, and this will be assumed to be the case here. This is also the condition

for conventional T-duality to be possible [10].

For geometric backgrounds, the patches U ′ = U ×T d patch together to give a manifold

M , the dual patches Ũ = U × T̃ d patch together to form a dual manifold M̃ (the T-dual

of M , again a torus bundle over N) and the Û = U × T d × T̃ d patch together to form a
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manifold M̂ , which is a T 2d bundle over N . For T-folds, the U ′ or Ũ may not patch to form

manifolds, but M̂ is a well-defined T 2d bundle over N , a geometric space containing all

the information about the background and all its T-duals. It is this well-defined manifold

M̂ that is used to construct the string action for a T-fold background using the doubled

formalism [1].

There is a natural action of O(d, d) on Û and hence on M̂ . Consider h ∈ O(d, d) given

by

h =

(
a b

c d

)
, (2.39)

where a, b, c, d are d × d matrices. This preserves the indefinite metric

L =

(
0 11 0

)
(2.40)

so that

htLh = L ⇒ atc + cta = 0, btd + dtb = 0, atd + ctb = 1. (2.41)

The group O(d, d,Z) consists of matrices (2.39) with integral entries. Then Ξ,X,A trans-

form in the fundamental representation

Ξ → Ξ′ = h−1Ξ (2.42)

A → A′ = h−1A, X → X′ = h−1X (2.43)

Defining

Eij = Gij + Bij (2.44)

E transforms non-linearly under O(d, d) [22, 19, 16, 10]

E′ = (aE + b)(cE + d)−1. (2.45)

The moduli G,B can be used to define a natural metric on the fibres given by the 2d× 2d

matrix HIJ given by

H =

(
G − BG−1B BG−1

−G−1B G−1

)
. (2.46)

which transforms covariantly under O(d, d)

H → htHh (2.47)

Note that the G,B are well-defined moduli and are scalar fields on N , so that the met-

ric (2.46) and the transformations (2.45) are well-defined. Similar formulae involving the

components of the gauge field b are potentially problematic as b is only defined up to gauge

transformations.
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3. Doubled formalism

The doubled formalism [1] is based on the duality-covariant formalism of [30] (and similar

to models of [21, 31 – 36]). It is O(d, d;Z) covariant and written in a patch Û of M̂ in terms

of X,A,H. The usual formalism arises on choosing a polarisation, i.e. a choosing a physical

subspace U × T d ⊂ U × T 2d.

Consider a patch Û of a space M̂ which is a T 2d bundle over N , with fibre coordinatesXI , local coordinates Y m on U ⊂ N and connection 1-forms

AI = AI
mdY m (3.1)

Let LIJ be the constant O(d, d) invariant metric (2.40) on the fibres, and let HIJ be a

positive-definite fibre metric satisfying

L−1HL−1H = 1 (3.2)

This ‘generalised metric’ is assumed to be indepedent of X but is a function HIJ(Y ) on N .

Then

SI
J = LIKHKJ (3.3)

satisfies

S2 = 1 (3.4)

and so defines an almost product (or almost real) structure.

The sigma-model with target space M̂ of [1] is a theory of maps from a 2-dimensional

world-sheet W to M̂ , given locally by XI(σ) where σα are coordinates on W . The pull-back

of dXI gives the fibre momentum

PI
α = ∂αXI (3.5)

while the pull-back of the one-forms ΞI gives the covariant fibre momentum P̂I , which is

a 1-form on W with components

P̂I
α = PI

α + AI
m∂αY m (3.6)

The lagrangian of [1] is

Ld =
1

4
HIJ P̂I ∧ ∗P̂J − 1

2
LIJPI ∧ AJ + L(Y ) (3.7)

where L(Y ) is the lagrangian for a sigma-model with target space N , and all forms have

been pulled back to W . The unusual normalisation with a factor of 1/4 is important

and needed to give equivalence with the canonically normalised standard sigma-model

lagrangian (2.1). The Wess-Zumino term

SWZ = −1

2

∫

W
LIJPI ∧AJ (3.8)

can be rewritten as

SWZ = −1

2

∫

V
LIJPI ∧ FJ (3.9)
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where V is a 3-manifold with boundary W , and FI is the pull-back

1

2
FI

mn∂αY m∂βY ndσα ∧ dσβ

of the curvature

FI = dAI (3.10)

In later sections, it will be useful to consider adding a toplogical term

Ltop =
1

2
ΩIJdXI ∧ dXJ (3.11)

for some constant ΩIJ = −ΩJI . This does not contribute to the field equations and does

not affect the classical theory, but plays a role in the quantum theory.

This theory is subjected to the constraint [1]

P̂ = S ∗ P̂ (3.12)

where ∗ is the Hodge dual on the world-sheet satisfying (∗)2 = 1 (assuming Lorentzian

signature world-sheet; for W with Euclidean signature, the constraint is P̂ = −iS ∗ P̂ .) If

the sigma-model on N has a lagrangian

L(Y ) = L′(Y ) − Ai ∧ Ai (3.13)

where

L′(Y ) =
1

2
ḡmndY m ∧ ∗dY n +

1

2
b̄mndY m ∧ dY n (3.14)

for some ḡmn(Y ), b̄mn(Y ) on the base N , then it was shown in [1] that the doubled

sigma-model (3.7) with constraint (3.12) is classically equivalent to the conventional sigma-

model (2.1) with metric (2.7) and 2-form (2.26). In section 6, this result will be re-derived

and extended to the quantum theory in section 8.

The field equation from varying XI in (3.7) is

d ∗ (HIJ P̂ J) = LIJFJ (3.15)

which can be rewritten as

d ∗ (SI
J P̂ J − ∗P̂ I) = 0 (3.16)

so that the constraint (3.12) implies the field equation (3.15) (and is a stronger condition).

The lagrangian is manifestly invariant under the rigid GL(2d,R) transformations

H → htHh, P → h−1P, A → h−1A (3.17)

(with Y and L(Y ) invariant). The corresponding transformation of the coordinatesX → h−1X (3.18)

only preserves the boundary conditions if g is restricted to be in the subgroup GL(2d,Z) ⊂
GL(2d,R) preserving the periodicities of the X. The constraint (3.12) breaks GL(2d,R)

to the subgroup O(d, d) preserving LIJ and so breaks GL(2d,Z) to O(d, d;Z). Thus this

formulation is manifestly invariant under the T-duality group O(d, d;Z). The topological

term (3.11) is invariant if Ω → htΩh under these transformations.
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4. Polarisation and T-duality

In order to make contact with the conventional formulation, one needs to choose a polar-

isation, i.e. to choose a splitting of T 2d into a physical T d and a dual T̃ d for each point

in N , splitting the fibre coordinates into the physical coordinates X ∈ T d and the dual

coordinates X̃ ∈ T̃ d, and then write the theory in terms of the coordinates X alone, solving

the constraint (3.12) to express X̃(σ) in terms of X(σ). Then the variables X are the ones

integrated over in the functional integral, and invariance of the theory under T-duality

implies that the physics should be independent of the choice of polarisation.

In order to define a polarisation or local product structure on the fibres, one first

chooses a subgroup GL(d,R) of O(d, d) under which the fundamental 2d of O(d, d) splits

into the fundamental representation d of GL(d,R) and the dual representation d′, 2d →
d⊕d′. It will be useful to use a superscript i for the fundamental representation d (where

i = 1, . . . , d) and a subscript i for the dual representation d′, and introduce constant

projectors Πi
I and Π̃iI , so that

P =

(
Πi

IPI

Π̃iIPI

)
=

(
P i

Qi

)
. X =

(
Πi

IXI

Π̃iIXI

)
=

(
Xi

X̃i

)
, (4.1)

with the Xi the coordinates of the T d subspace and X̃i the coordinates of the dual T̃ d

subspace. This can be thought of as a choice of basis, but it is useful to introduce the

projectors explicitly, so as to keep track of the choice of subgroup GL(d,R) of O(d, d);

duality transformations change the projectors and change the subgroup GL(d,R) to a

conjugate one.

The metric L is off-diagonal in the GL(d) basis and can be written as

L =

(
0 11 0

)
(4.2)

so that the corresponding line element is

ds2 = 2dXidX̃i (4.3)

Then the T d submanifold with coordinates Xi is a maximally null subspace with respect

to this metric. Choosing a polarisation that selects a maximal null T d ⊂ T 2d together with

its complement T̃ d then corresponds to choosing a subgroup GL(d,Z) ⊂ O(d, d;Z).

It will be useful to introduce the notation Î for the O(d, d) indices in the GL(d) basis,

so that for any vector v, vÎ = (vi, vi) and the matrix giving the change from an arbitrary

basis to the GL(d) basis is

ΘÎ
J =

(
Πi

J

Π̃iJ

)
(4.4)

with the corresponding matrix for the dual representation Θ̂ = L−1ΘL so that

Θ̂Î
J =

(
Π̃i

J

ΠiJ

)
(4.5)
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where ΠiJ = Πi
IL

IJ , Π̃i
J = Π̃iIL

IJ . The matrix ΘÎ
J can be thought of as a representative

of the coset O(d, d)/GL(d,R), or as a ‘vielbein’ converting O(d, d) indices to GL(d) ones.

Then the equations giving components in the GL(d) basis can be rewritten as

ΘP =

(
P i

Qi

)
, ΘA =

(
Ai

Ãi

)
(4.6)

The components of H in this basis

Θ̂HΘ̂t =

(
G − BG−1B BG−1

−G−1B G−1

)
. (4.7)

This notation will help in following the effects of changes of polarisation explicitly. In

particular, (4.7) defines a metric Gij and 2-form Bij in terms of H and a polarisation Θ.

The T-duality transformation rules G → G′, B → B′, A → A′ (2.45), (2.43) are then

obtained using the O(d, d) transformations for H,A while keeping the polarisation Θ fixed,

H → H′ = htHh, A → A′ = h−1A, Θ → Θ′ = Θ (4.8)

so that e.g.

G−1 = ΠHΠt → (G′)−1 = ΠhtHhΠt

BG−1 = Π̃HΠt → B′(G′)−1 = Π̃htHhΠt

A = ΠA → A′ = ΠhtA (4.9)

These same transformations G → G′, B → B′, A → A′ can also be obtained by keeping H
fixed while transforming Θ

H → H′ = H, A → A′ = A, Θ → Θ′ = Θh (4.10)

so that

Π → Π′ = Πh Π̃ → Π̃′ = Π̃h (4.11)

Thus the T-duality transformations can be viewed either as active transformations in

which the geometry H,A is changed while Π, Π̃ are kept fixed (4.8), or as a passive one in

which the geometry H,A is kept fixed but the polarisation is changed (4.10), (4.11). In the

latter viewpoint, the doubled geometry is unchanged, but the choice of physical subspace

is transformed. The symmetry under T-duality is then the statement that the physics does

not depend on the choice of physical subspace.

5. Conserved currents

The one-forms on the world-sheet W

JI = HIJ P̂ J − LIJ ∗ P̂ J (5.1)

are conserved currents

d ∗ JI = 0 (5.2)
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(using the field equations (3.15)). It is the sum of a Noether current JI and the ‘topological’

current

jI = LIJ ∗ PJ (5.3)

which is trivially conserved, d ∗ j = 0 as dP = 0. The Noether current is

JI = HIJ P̂ J − LIJ ∗ AJ (5.4)

where AJ = AJ
m∂αY mdσα is the pull-back of A, and this generates the symmetries

δXI = αI (5.5)

of translation along the fibres. Note that J is gauge-invariant and so well-defined, while J
and j are not. The constraint (3.12) is JI = 0. (Adding the topological term (3.11) would

modify the Noether current by an identically conserved term, JI → JI + ΩIJ ∗ PJ .)

Following [1], it is useful to introduce a 2d × 2d vielbein VA
I(Y ) such that

H = VtV (5.6)

with frame indices raised and lowered with δAB . There are then two metrics, HIJ with

frame components δAB and LIJ with frame components LAB. They are both preserved by

O(d)×O(d), and it is useful to choose a basis in which O(d)×O(d) is manifest. The indices

A,B = 1, . . . , 2d transform under O(d) × O(d) and can be split into indices a, b = 1, . . . , d

and a′, b′ = 1, . . . , d for the two O(d) factors, A = (a, a′), so that in a natural basis

LAB =

(
Lab 0

0 La′b′

)
=

(1ab 0

0 −1a′b′

)
, SA

B =

(
δa

b 0

0 −δa′

b′

)
(5.7)

Then

VA
I =

(
Va

I

Va′

I

)
, VP =

(
Pa

Pa′

)
, (5.8)

and

HIJ = Va
IVb

Jδab + Va′

IVb′
Jδa′b′ (5.9)

The current

JI = LIJJJ = SI
J P̂ J − ∗P̂ I (5.10)

has frame components JA = (Ja, Ja′

)

Ja = P̂a − ∗P̂a

Ja′

= P̂a′

+ ∗P̂a′

(5.11)

The constraint (3.12) is J = 0 and this becomes

P̂a = + ∗ P̂a

P̂a′

= − ∗ P̂a′

(5.12)
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Introducing null coordinates σ± on the world-sheet, so that α = (+,−), these become

P̂a
− = 0

P̂a′

+ = 0 (5.13)

while Ja
α, Ja′

α are the chiral currents

Ja
+ = 0, Ja

− = P̂a
−,

Ja′

+ = P̂a′

+ , Ja′

− = 0 (5.14)

There are then two chiral currents, and their conservation law is

D ∗ JA = d ∗ JA − ωA
B ∧ ∗JB = 0 (5.15)

where ω is the connection ωα = (∂αV)V−1 and has off-diagonal terms mixing the two

currents. For example, the conservation law for Ja
− is

∂+Ja
− − (ω+)abJ

b
− − (ω−)ab′J

b′

+ = 0 (5.16)

Given a polarisation, one can define the currents

J i = Πi
IJ

I (5.17)

which are conserved d ∗ J i = 0 as Πi
I is constant. The components of J i

α are given,

using (5.14), by

J i
+ = Πi

a′P̂a′

+ J i
− = Πi

aP̂a
− (5.18)

where

Πi
a = Πi

IVI
a , Πi

a′ = Πi
IVI

a′ (5.19)

As the matrices (5.19) are non-degenerate, J i = 0 is equivalent to JI = 0 as the only

non-vanishing components of JI are those in (5.14), and so J i = 0 is equivalent to the

constraint (3.12).

As before, J i = J i + ji where ji = Πi
I ∗ dXI is trivially conserved and J i is the

Noether current for the transformations

δX̃i = α̃i, δXi = 0 (5.20)

Similarly, there are also conserved currents

Ji = Π̃iIJ
I (5.21)

with Ji = 0 equivalent to (3.12) and which generate the transformations δXi = αi, δX̃i = 0.

In the case of a trivial bundle with constant HIJ = δIJ , the currents are

J i = dX̃i + ∗dXi (5.22)
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(the flat metric can be used to identify upper and lower indices i, j and tangent space

indices a, a′). The current dX̃i generates δX̃i = αi while ∗dX is a topological current that

is automatically conserved. Similarly, the current

J i = dXi + ∗dX̃i (5.23)

is the sum of a current dXi generating δXi = αi and the topological current ∗dX̃ . In the

O(d) × O(d) basis XI =

(
Xa

R

Xa′

L

)
(5.24)

with

Xi =
1

2

(
Xi

L + Xi
R

)
, X̃i =

1

2

(
Xi

R − Xi
L

)
(5.25)

Then

Pa
α = ∂αXa

R, Pa′

α = ∂αXa′

L (5.26)

and the currents (5.14) are

Ja
+ = 0, Ja

− = ∂−Xa
R, (5.27)

Ja′

+ = ∂+Xa′

L , Ja′

− = 0 (5.28)

The symmetries generated by JI are

δXa
R = αa

R, δXa′

L = αa′

L (5.29)

and J i generates the anti-diagonal subgroup with αi
L = −αi

R while Ji generates the diagonal

subgroup with αi
L = αi

R. Note that the currents generate a Kac-Moody algebra

[Ja
−(σ), Jb

−(σ′)] = dδabδ′(σ − σ′), [Ja′

+ (σ), Jb′
+ (σ′)] = dδa′b′δ′(σ − σ′), (5.30)

and so J = 0 is a second class constraint. This means that it cannot be imposed by adding

a lagrange multiplier term C ·J , but might be imposed by supplementing this with a further

term involving C2; this will be discussed in the next section.

The constraint (3.12) then implies ∂−Xa
R = 0 and ∂+Xa′

L = 0 so that Xa
R are right-

movers and Xa′

L are left-movers, giving the right count of degrees of freedom. The general-

isation of this to the interacting case is that the constraint (3.12) implies that half of the

currents JI are chiral and the other half anti-chiral, but the projectors onto the chiral and

anti-chiral parts change with the coordinate Y , as they are given in terms of S(Y ).

6. Imposing the constraint

The constraint (3.12) is JI = 0 where JI is the current (5.1). Given a polarisation, the

constraint J i = 0 where J i is the current (5.17) also implies (3.12). A natural way of

imposing the constraint is to attempt to gauge the symmetries generated by the current
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JI or J i, as suggested in [1]. This involves introducing a gauge field CI or Ci which is a

one-form on the world-sheet. The linear Noether coupling is then

1

2
CI ∧ ∗JI (6.1)

or
1

2
Ci ∧ ∗J i (6.2)

so that if this were the only term involving C, the gauge field would be a lagrange multiplier

imposing the constraint J = 0. However, gauge invariance requires adding a term quadratic

in C. Defining CA = (Ca, Ca′) by CA = VA
ICI , using (5.14), the term (6.1) is

1

2

(
Ca

+Ja
− + Ca′

− Ja′

+

)
(6.3)

and Ca
−, Ca′

+ do not appear, and as a result gives the same coupling as (6.2). However,

there are in addition terms quadratic in C; for the coupling to JI , these do depend on

Ca
−, Ca′

+ , while for the coupling to J i, they do not.

The first step in the gauging of JI is given by minimal coupling, so that PI is replaced

with

PI + LIJCJ (6.4)

in the lagrangian (3.7) giving a gauge-invariant lagrangian. This gives a term linear in C

of the form CI ∧ ∗J I where J I = JI + ∗PI , so that it differs from J by the identically

conserved topological current jI = ∗PI . The term (6.1) is then obtained by further adding

a term

CI ∧ ∗jI = CI ∧ PI (6.5)

to the minimally-coupled action. However this term is not gauge-invariant and does not

have a gauge-invariant completion. This is a case in which one of the obstructions to

gauging of [23, 24] is present, and gauging is not possible.1 If one ignores global issues and

gauges the symmetry generated by JI in (3.7) to obtain a local lagrangian, there is a term

quadratic in the gauge fields involving Ca
−, Ca′

+ as well as Ca
+, Ca′

− . As this is the gauging

of the symmetry (5.5), this leads to the elimination of all the XI , leaving a sigma-model

with fields Y on the base space N . Thus in this case, there is an obstruction to gauging

with the currents JI , so that the linear term (6.1) is not obtained, and if one gauges with

the currents JI , then all of the X are eliminated.

1In the terminology of [23, 24], one is gauging the isometries generated by 2d Killing vectors kI and the

contraction of H with kI is ιIH = dvI , where v is determined up to exact terms. Choosing vI = ιIb and

using the formulae of [23, 24] gives the gauging by minimal coupling. However, to obtain the coupling of the

gauge field C to J instead of J requires replacing v with v′

I = vI + LIJd J , but now ιIv′

J = LIJ and the

fact that these constants are non-zero implies that there is a local obstruction to gauging [23, 24]. However,

while v′ is a well-defined 1-form and J is a well-defined current, v and J are only locally defined, so that the

minimally-coupled action is not well-defined and there is a topological obstruction to the gauging. There

is then an obstruction to gauging: v is not globally defined, while v′ gives a non-zero ι(Iv
′

J) and there is no

v that overcomes both obstacles.
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More interesting is the gauging of J i. This takes the same form as (6.1) at the linearised

level, but the quadratic term in the gauge fields just involves Ca
+, Ca′

− , corresponding to

gauging a diagonal subgroup of the gauge group for JI . The gauged lagrangian is Ld+Lg +

Ltop where Ld is the original lagrangian (3.7), Ltop is a topological term of the form (3.11)

and

Lg =
1

2
Ci ∧ ∗J i +

1

4
HijCi ∧ ∗Cj (6.6)

where

Hij = Πi
IΠ

j
J(H−1)IJ = Πi

IΠ
j
J(L−1)IKHKL(L−1)LJ (6.7)

This gauged lagrangian can be derived as follows. Given a polarisation with

P =

(
Πi

IPI

Π̃iIPI

)
=

(
P i

Qi

)
, P̂ =

(
P̂ i

Q̂i

)
=

(
P i + Ai

Qi + Ãi

)
(6.8)

the lagrangian (3.7) can be written as

Ld =
1

4
Gij P̂ i∧∗P̂ j +

1

4
Gij (Q̂i−BikP̂

k)∧∗(Q̂j−BjlP̂
l)− 1

2
(P i∧Ãi+Qi∧Ai)+L(Y ) (6.9)

The lagrangian (3.7) is a sigma-model on M̂ and the symmetry being gauged is (5.20),

which can be viewed as an anti-diagonal subgroup of (5.5). Again, the first step is minimal

coupling, corresponding to making the replacement

PI → PI + CiΠ
i
JLIJ (6.10)

in (3.7) or equivalently to making the replacement

Qi → Qi + Ci (6.11)

in (6.9), giving a gauge-invariant lagrangian. This has a linear coupling

1

2
Ci ∧ ∗J i, J i = Πi

JjJ = J i − Πi
IdXI = J i − P i (6.12)

to the Noether current J , so that adding the term

1

2
Ci ∧ P i (6.13)

coupling the gauge field C to the topological current ji = ∗P i gives the linear coupling (6.2).

In this case, the term (6.13) is gauge invariant up to a surface term, so that there is no

local obstruction to the gauging.2 However, this term is not invariant under large gauge

transformations. An action invariant under large gauge transformations is given by adding

the term

Ltop =
1

2
dX̃i ∧ dXi (6.14)

2In this case, the potential obstruction to gauging is ιivj = Πi
IΠ

j
JLIJ and this vanishes identically.
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which when added to (6.13) gives the term

1

2
(dX̃i + Ci) ∧ P i (6.15)

which is fully gauge-invariant under large gauge transformations. The term (6.14) cor-

responds to adding the topological term (3.11) to the classical lagrangian, with ΩIJ =

Π̃i[IΠ
i
J ].

Defining

Di = Ci + Q̂i − Gij ∗ P̂ j − BijP̂
j (6.16)

the resulting lagrangian can be rewritten as

L =
1

2
Gij P̂ i ∧ ∗P̂ j +

1

2
Bij P̂ i ∧ P̂ j − P̂ i ∧ Ai + L′ (6.17)

where

L′ =
1

4
GijDi ∧ ∗Dj + L(Y ) + Ai ∧ Ai (6.18)

consists of an algebraic term for the Di, which are then non-dynamical auxiliary fields and

a term L′(Y ) = L(Y ) + Ai ∧ Ai dependent only on Y and given by (3.13). In general

coordinates,

L =
1

2
Gijξ

i
µξj

νdφµ ∧ ∗dφν +

(
1

2
Bijξ

i
µξj

ν − ξi
µÃiν

)
dφµ ∧ dφν + L′ (6.19)

Then, as was to be expected, the resulting theory is independent of X̃ . Us-

ing (3.14), (3.13) it is precisely the original theory (2.1) with metric g given by (2.7)

and b-field given by (2.26), plus the auxiliary field term D2. The invariance under large

gauge transformations means that X̃i can be completely gauged away, including winding

modes, and this is reflected in the fact that the theory is independent of X̃ after integrating

out the gauge fields.

The term (6.14) is a topological term depending only on the winding numbers ni, ñi

of Xi, X̃i around homology cycles in the world-sheet, so that it does not affect the clas-

sical theory. The periodicities of X, X̃ are 2πRi, 2πR̃i with R̃i = α′/Ri so that the T d

parameterised by the X̃i is dual to the one parameterised by the Xi [19, 20, 10]. Then the

term in the action S = (2πα′)−1
∫
Ltop is a sum of terms of the form πniñi (where ni, ñi

are winding numbers for a conjugate pair of cycles, and there is a sum over 1-cycles) and

so contributes signs eiπnieni = ±1 to the functional integral given as a sum over winding

numbers. A similar term arose in [19]. Note that changing the polarisation can change the

sign of (6.14), but this leaves eiπnieni unchanged, so does not change the quantum theory.

For example, changing from the Xi polarisation to the X̃i polarisation changes (6.14) by

a factor of (−1)d.

Thus the gauging gives back the original sigma-model (2.1). It can also be viewed as

imposing the constraint J = 0. For example, choosing the gauge C− = 0, C+ becomes a

lagrange multiplier imposing J− = 0. Then the BRST constraints imply that J+ annihilates

physical states, so that in this way the full constraint J± = 0 is achieved.
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Thus given a polarisation, the constraint (3.12) can be realised by gauging the symme-

try associated with the currents ΠJ , giving the conventional sigma-model (2.1). Different

choices of polarisation give rise to different sigma-models and in each of these, half of the

coordinates X are gauged away. Different choices of polarisation select a different half of

the coordinates X and are related by O(d, d;Z), and the different sigma-models obtained

are all related by T-duality. For example, given a split X→ (Xi, X̃i), choosing the polarisa-

tion as above gauges shifts in the X̃i, giving a sigma-model with coordinates (Y,X), while

choosing the opposite polarisation gauges shifts in the Xi, giving the dual sigma-model

with coordinates (Y, X̃) (corresponding to T-dualising all d circles).

7. T-folds

A T-fold is constructed from patches in each of which there is a conventional string back-

ground, but the patching conditions involve T-dualities, and in general lead to a non-

geometric background. Let {Uα} be an open cover of the base N , N = ∪αUα.3 Then

the T-fold is constructed from patches U ′
α = Uα × T d, and in each such patch there is a

metric gα of the form (2.7) and a 2-form bα of the form (2.26). The metric ḡα and 2-form

b̄α on Uα are patched together in Uα ∩ Uβ using diffeomorphisms and b-field gauge trans-

formations in the usual way. The remaining data specifying the geometry consists of the

moduli Eα
ij = Gα

ij + Bα
ij and the U(1)2d connections Aα, Ãα. Over overlaps Uα ∩ Uβ, these

are patched together using transition functions in O(d, d;Z)⋉U(1)2d, where O(d, d;Z) acts

through (2.43), (2.45) and the U(1)2d acts through gauge transformations

δAI = dΛI , XI = −ΛI (7.1)

This is a geometric background if the structure group is in the geometric subgroup Γ(d,Z)⋉

U(1)2d where Γ(d,Z) = GL(d,Z) ⋉ Zd(d−1)/2 is the group of large torus diffeomorphisms

and integral shifts of Bij. Otherwise, it is a T-fold [1].

Over each patch Uα one can instead consider a patch Uα × T 2d with doubled fibre.

As O(d, d;Z) ⋉ U(1)2d acts geometrically on T 2d, with O(d, d;Z) acting as a subgroup of

the large diffeomorphisms of T 2d, the T-fold transition functions in O(d, d;Z) ⋉ U(1)2d

can be used for the patches Uα × T 2d to construct a manifold M̂ as a T 2d bundle over

N , with connection A [1, 10]. In each patch one introduces a constant metric Lα of split

signature (d, d) of the form (2.40) and a positive definite metric Hα satisfying (3.2). The

fibre metrics Hα in each patch transform covariantly under O(d, d) (3.17) and so have the

transition functions

Hα = (hαβ)tHβhαβ (7.2)

Similar transition functions for L are consistent with a constant Lα = Lβ as the transition

functions in O(d, d;Z) preserve L.

Then for each patch, there is a doubled lagrangian Lα given by (3.7), and in overlaps

Lα = Lβ so there is a well-defined action, which is a sigma-model with target space M̂ .

3In this section α, β will label coordinate patches and not world-sheet coordinates.
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The constraint (3.12) is O(d, d;Z) covariant, and so is a well-defined geometric condition

for the sigma-model on M̂ .

One way of imposing this constraint is to choose a polarisation and gauge, as was shown

in the last section. Consider first the case in which there are only O(d, d;Z) transition

functions, so XI
α = (h−1

αβ)IJXJ
β (7.3)

In each patch U ′
α = Uα×T d, there is a choice of polarisation specified by projectors Πα, Π̃α,

which can be combined into a matrix (Θα)Î J , as in section 4.1. This defines a splitting of

the coordinates XI
α into ‘physical’ coordinates Xi

α and dual coordinates X̃αi

XÎ
α = (Θα)Î JXJ

α =

(
(Πα)iIXI

α

(Π̃α)iIXI
α

)
(7.4)

where

XÎ
α ≡

(
Xi

α

X̃αi

)
, (7.5)

An active T-duality transformation transforms X but leaves Θ invariant. Then the

transition functions (7.3) will give an active T-duality transformation if the polarisation

projector is constant, so that it is independent of the choice of patch

Θα = Θβ (7.6)

Then in the overlap U ′
α ∩ U ′

β, the coordinates XÎ
α are given by

Xα = ΘαXα = Θβh−1
αβXβ (7.7)

The term Θβh−1
αβXβ is regarded as arising from transition functions that are an active

T-duality transforming X, with Θα = Θβ, Xα = h−1
αβXβ. The same X could instead be

regarded as arising from a passive T-duality acting on the polarisation with Θα = Θβh−1
αβ ,

but not on the coordinates, Xα = Xβ ; in this section, the active viewpoint will be adopted,

so that Θα = Θ is independent of the patch.

Then

XÎ
α = (ĥ−1

αβ)Î ĴX
Ĵ
β (7.8)

where

ĥαβ = ΘhαβΘ−1 (7.9)

The matrix ĥαβ has components

ĥÎ
Ĵ =

(
ĥi

j ĥij

ĥij ĥi
j

)
(7.10)

so that

Xi
α = (ĥ−1

αβ)ijX
j
β + (ĥ−1

αβ)ijX̃jβ (7.11)
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In each patch, the {Xi
α} are coordinates for a T d fibre, and the condition for these to fit

together to form a T d bundle over N is that

(ĥ−1
αβ)ij = 0 (7.12)

so

Xi
α = (ĥ−1

αβ)ijX
j
β (7.13)

and the Xi
α are glued to the Xi

β . The condition (7.12) implies that the structure group is

in the geometric subgroup Γ(d,Z) ⊂ O(d, d;Z), and implies that the T d fibres are patched

together with diffeomorphisms (ĥ−1
αβ)ij ∈ GL(d,Z). Similarly, the dual tori T̃ d will fit

together to form a bundle if

(ĥ−1
αβ)ij = 0 (7.14)

and the condition for there to be both a torus bundle with fibres T d and a dual bundle with

fibres T̃ d is that both (7.12) and (7.14) hold, so that the structure group is in GL(d,Z).

This extends to the general case of a T-fold with structure group in O(d, d;Z)⋉U(1)2d.

In this case it is convenient to work with the U(1)2d-invariant 1-forms ΞI
α in each patch

U ′
α, with

ΞÎ
α = (Θα)Î JΞJ

α =

(
(Πα)iIΞ

I
α

(Π̃α)iIΞ
I
α

)
, (7.15)

where

ΞÎ
α ≡

(
ξi
α

ξ̃αi

)
, (7.16)

Then (7.12) is replaced with

ΞÎ
α = (ĥ−1

αβ)Î ĴΞ
Ĵ
β (7.17)

and so

ξi
α = (ĥ−1

αβ)ijξ
j
β + (ĥ−1

αβ)ij ξ̃jβ (7.18)

The condition that there is a T d sub-bundle is that (7.12) holds, so that the structure

group is in the geometric group Γ(d,Z) ⋉ U(1)2d.

The currents JI
α defined by (5.10) in each patch split into the currents J i

α, J̃αi using

the projectors Πα, Π̃α and these have the transition functions

J i
α = (ĥ−1

αβ)ijJ
j
β + (ĥ−1

αβ)ij J̃jβ (7.19)

Then the constraint J i
α = 0 is consistent with J i

β = 0 only if (7.12) holds, so that the

structure group is in the geometric group Γ(d,Z) ⋉ U(1)2d. If this is the case, then the

constraint (3.12) can be imposed by gauging by coupling J i to gauge fields Ci. Note

that if there are non-trivial Γ(d;Z) transition functions, then the gauge fields C are not

connections on a principle bundle, but instead are connections on the affine bundle given by

the pull-back of M̂ to the world-sheet, with transition functions in Γ(d;Z)⋉U(1)d [10]. This

is sufficient to give a well-defined gauged action, even though there are no globally-defined

Killing vectors [10].
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The bundle M̂ over N is characterised by the 2d first Chern classes, and the

O(d, d;Z) monodromies round the 1-cycles of N . If all monodromies are in a subgroup

M ⊆ O(d, d;Z), then the structure group is in M ⋉ U(1)2d. The lagrangian (3.7) is well-

defined on M̂ , as is the constraint (3.12). The constraint (3.12) can be imposed by choosing

a constant polarisation projector Π, with the same choice for each patch Uα, Πα = Πβ, and

then gauging the current J i
α = Πi

IJ
I
α in each patch. The gauged lagrangians only patch

together to give a well-defined action on M̂ if M ⊆ Γ(d;Z), so that the monodromies are

all in the geometric subgroup, and in this case a geometric background is obtained. For

non-geometric T-folds with monodromies not in the geometric group, there is no globally

consistent choice of a physical T d with coordinates Xi, and this is reflected in the fact that

the gauged lagrangians in each U ′
α do not patch together to form a well-defined classical

lagrangian on M̂ . In the general case, the best one can do is to perform a different gaug-

ing in each patch. These do not then fit together to form a well-defined classical action.

However, the patching is with a symmetry of the quantum theory, and the corresponding

quantum theories do patch together to give a well-defined theory, as will be discussed in

the next section.

8. Quantisation

In this section, the quantisation of a sigma-model on a T-fold is addressed. Suppose first

the world-sheet W is flat. For the conventional formulation in terms of a sigma-model (2.1)

with coordinates Xi, Y m, one can first integrate over X. For a point Y ∈ N , the X are

coordinates on a torus T d and quantising the X gives the the standard torus CFT on T d

with moduli Gij(Y ), Bij(Y ). CFT’s with moduli related by O(d, d;Z) transformations are

equivalent, so that O(d, d;Z) is a symmetry of the CFT, and the moduli space is not the

coset O(d, d)/O(d)×O(d) parameterised by G,B, but is the Narain moduli space given by

the quotient of this space by the action of O(d, d;Z). Then the T-fold transition functions

give a bundle of torus CFT’s over N , and this is well-defined as the transition functions

are a CFT symmetry.

The conformal field theory on T d can also be formulated in an O(d, d;Z) covariant

way in terms of the doubled coordinate X, imposing canonical commutation relations onX and its conjugate momentum. However, in this approach one must also impose the

constraint (3.12) and the issue arises as to how to impose this in the quantum theory. As

has been seen, this can be done by choosing a polarisation and gauging the action of the

current J i = Πi
IJ

I . In general there will not be a global polarisation, and one must be

chosen for each patch in N . One can then quantise in each patch to obtain the same torus

CFT as before and these patch together to give the bundle of torus CFT’s over N .

The final stage in the quantisation is then to integrate over the Y . The quantum

theory for each patch from integrating over both Y and X is then the quantisation of the

gauged sigma-model on Uα ×T 2d. The ungauged action (3.7) is a sigma-model with target

space U ′ = Uα × T 2d and is renormalizable, as is the corresponding gauged model. The

quantisation in the patch involves a choice of polarisation, but different choices lead to the
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same quantum theory, and can be thought of as arising from T-dual versions of the same

sigma-model.

The classical lagrangian (3.7) is globally well-defined on M̂ and is duality invariant,

as is the constraint (3.12). The quantisation involves choosing a polarisation that selects

the independent variables to be quantised and this breaks the duality symmetry and in

general there is no global choice of polarisation. However, the quantum theory is duality

invariant, and as the patching conditions involve a quantum symmetry, then the resulting

quantum theory should be well-defined. It would be interesting to consider other ways of

handling the constraint (3.12) in the quantum theory, and to compare the results.

Finally, in each patch, it has been seen that the two theories defined by the conventional

sigma-model (2.1) and by gauging the doubled sigma-model (3.7) are classically equivalent,

and each is quantisable, so the question arises as to whether they define the same quantum

theory. To quantise the gauged model, one must first gauge-fix. With the topological

term (6.14), the gauged action is invariant under gauge transformations, including large

gauge transformations specified by maps from W to U(1)d with non-trivial monodromy

around 1-cycles in W . These can be fixed by gauging X̃ away completely, using the large

gauge transformations to gauge away the winding modes of X̃. As was seen in section 6,

this gives the conventional lagrangian (2.1), plus the auxiliary field term

1

4
GijDiDj (8.1)

In addition, there is a ghost term bici where bi, ci are anti-commuting scalars. The ghost

integration is trivial, so the result is the sum of (2.1) and (8.1), so that quantising the

doubled formalism in this way is equivalent to the quantisation of a conventional sigma

model (2.1) plus the auxiliary term (8.1). The auxiliary field term does not affect the

classical dynamics, but as the matrix Gij depends on the fields Y , integrating out Di give

a determinant that affects the functional measure for Y . It will be seen in the next section

that this change in the measure can be absorbed into a shift of the dilaton, and that this

is precisely what is needed to get the the correct dilaton coupling and transformation rules

for the conventional sigma-model.

In this way one can define a quantum field theory for any T-fold geometry. It remains

to impose the condition that these give modular invariant conformal field theories, and this

requires imposes ‘field equations’ restricting the allowed backgrounds.

9. The dilaton coupling

For curved world-sheets, one can add to the doubled sigma-model action given by the

integral of (3.7) the Fradkin Tseytlin term

SFT =

∫
d2σ

√
hφR (9.1)

where R is the Ricci scalar for the world-sheet metric hαβ , with h = |det(hαβ)| and φ is a

scalar field on M̂ . It will be taken to be independent of the coordinates X, X̃ so that it is
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a function φ(Y ) on N . It is then invariant under the O(d, d;Z) symmetry of the doubled

action.

On gauging and eliminating the gauge fields as in section 6, one must integrate over

the auxiliary fields Di with lagrangian

1

4
GijDi ∧ ∗Dj (9.2)

Formally this gives a determinant involving Πσdet(Gij(X(σ)). If this is calculated as

in [17, 39, 40], it gives a contribution to the Fradkin-Tseytlin term at one loop corresponding

to replacing φ in (9.1) with

Φ = φ − 1

2
log det(Gij) = φ +

1

2
log det(ΠHΠt) (9.3)

so that the sigma-model action on M is the sum of the integral of (2.1) and the Fradkin-

Tseytlin term

SFT =

∫
d2σ

√
hΦR (9.4)

Under a T-duality

G−1 = ΠHΠt → (G′)−1 = ΠhtHhΠt (9.5)

and

Φ → Φ′ = Φ +
1

2
log

detG′

detG
(9.6)

In this way, the standard T-duality transformations of the dilaton Φ are obtained. There

are then two dilatons, related by (9.3). The dilaton Φ is the familiar one coupling to the

conventional sigma-model through the term (9.4), transforming under T-duality as (9.6)

and appearing as a scalar in the standard space-time effective actions. The dilaton φ

coupling to the doubled sigma-model through (9.1) is invariant under O(d, d;Z) and so

T-duality is a symmetry of the perturabation theory in the coupling constant given by the

expectation value of e−φ, but not of that defined by the expectation value of e−Φ. The

expectation value of e−φ is the string field theory coupling constant of [21]; see e.g. [37]

for further discussion. There will be further corrections to the relation between the two

dilatons arising in this way from higher loop contributions to the change in measure [40].

10. Doubled everything

The doubled formulation doubles the fibre coordinates X but not the base coordinates Y .

A more democratic and covariant formulation would be to double the Y as well. This can

always be done by adding some new coordinates Ỹm and then gauging the shift symmetry

δỸm = α̃m, or more covariantly by imposing a constraint similar to (3.12) that can be

imposed by such a gauging. The Y m, Ỹm are coordinates on some manifold N̂ . If N were a

torus, the Ỹ could be taken as coordinates on the dual torus, but for general N there is no

obvious choice of a dual space for N . To generalise the preceeding structure it is natural to

demand that the tangent space TN̂ ≃ (T ⊕ T ∗)N at each point, so that there is a natural

– 25 –



J
H
E
P
0
7
(
2
0
0
7
)
0
8
0

action of O(n, n) on TN̂ , where n is the dimension of N . This suggests taking N̂ to be the

cotangent bundle T ∗N , or a quotient of this.

For general M of dimension D, we then double the coordinates φµ to obtain

ΦM =

(
φµ

φ̃µ

)
(10.1)

which can be coordinates on T ∗M or a quotient of this. If M is a T d bundle over N , then N̂

can be taken to be a T 2d bundle over T ∗N , which can be thought of as a quotient of T ∗M

in which the coordinates X̃ (parameterising the fibres cotangent to T d) are periodically

identified. (In this section, Φ, φ are coordinates, not dilatons.) For the sigma model (2.1),

we introduce a constant O(D,D) invariant metric LMN and a generalised metric GMN

satisfying

S2 = 1 (10.2)

where

S = L−1G (10.3)

The doubled sigma model corresponding to (3.7) is then

L =
1

4
GMN PM ∧ ∗PN (10.4)

where

PM
α = ∂αΦM (10.5)

This is subject to the constraint

P = S ∗ P (10.6)

(As there are no undoubled coordinates, there is no connection A.)

The constraint (10.6) can now be handled as in section 6. There is a natural polari-

sation in which the coordinates φµ of M are selected, using a projector Πµ
M , as the real

coordinates and the coordinates of the cotangent fibres φ̃µ are taken as auxiliary. In this

polarisation in which Φ is given in terms of φ, φ̃ by (10.1), then (10.2) implies G is of the

form

G =

(
g − bg−1b bg−1

−g−1b g−1

)
. (10.7)

for some symmetric gµν and anti-symmetric bµν . The constraint (10.6) is equivalent to

Jµ = 0 where

Jµ = Πµ
MJM , JM = (SP − ∗P)M (10.8)

The constraint Jµ = 0 can be imposed by coupling to gauge fields as in section 6, which

involves gauging the shift symmetry δφ̃ = α̃ generated by Jµ, and eliminating the gauge

fields and the coordinates φ̃ gives precisely the original lagrangian (2.1) (plus a topological

term), by a similar argument to that given in section 6. Alternatively, if M is a T d bundle

over N , then Jµ decomposes into J i, Jm and one can first impose the constraint Jm = 0

by coupling to gauge fields, and so gauge the shift symmetry δỸ = β generated by Jm.
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This eliminates the Ỹ and the doubled formalism lagrangian L(X, X̃, Y ) (3.7) is recovered,

with the remaining constraint J i = 0.

For general T ∗M , the generalised metric GMN (φ) depends only on the φ, not the φ̃, so

that g(φ), b(φ) given by (10.7) are defined on M . Suppose that in a patch of M there are d

commuting Killing vectors, so that one can choose adapted coordinates φµ = (Y m,Xi) so

that the Killing vectors are ∂/∂Xi (i = 1, . . . , d); at this stage, no assumptions are made

about whether or not the Xi are periodic. Then the lagrangian is invariant under shifts of

Xi, X̃i, Ỹm and under GL(2d + n,R) acting as a linear transformation on the coordinates

Xi, X̃i, Ỹm (with n = D−d) and on G by transformations similar to (3.17), (3.18). (Linear

transformations involving the Y m will not be a symmetry in general if G depends non-

trivially on the Y m.) This is broken to O(d + n, d) by the constraint (10.6), and if d′ ≤
d of the X, X̃ are periodic, then the boundary conditions further break the symmetry

to the group O(d′, d′;Z) × O(d − d′, d − d′ + n). The discrete subgroup O(d′, d′;Z) is

a gauge symmetry of the quantum theory (provided the 2d′ periodic coordinates have

the correct periodicities) with sigma-models related by the action of O(d′, d′;Z) giving

equivalent quantum theories. As before, this can be thought of as changing the polarisation,

so that it changes the d′-dimensional subset of the 2d′ periodic coordinates that are to be

physical. (Changing the polarisation for the non-periodic directions is not in general a

gauge symmetry.)

11. Supersymmetry

As stated in [1], the supersymmetrisation of the doubled formalism is straightforward: the

sigma-model (3.7) is replaced by a supersymmetric one. (The supersymmetric model was

also discussed in [13].) The N=1 supersymmetric generalisation of (2.1) in (1,1) superspace

is [38]

S =
1

2

∫
d2σd2θ (gµνCrs + bµνγrs) Drφ

µDsφ
ν (11.1)

where φµ(σ, θ) is a superfield on the superspace world-sheet with coordinates σα, θr where

θr are real anti-commuting coordinates transforming as a world-sheet spinor, r = 1, 2 is a

world-sheet spinor index, and Dr are the usual supercovariant derivatives. Here Crs = ǫrs

is the charge conjugation matrix and γrs = Crt(γ3)t
s = γsr where (γ3)t

s is the chirality

operator satisfying (γ3)
2 = 1. The N=1 supersymmetric generalisation of (3.7) in (1,1)

superspace is the superspace lagrangian

Ls =
1

4
HIJ CrsP̂I

r P̂J
s − 1

2
γrsLIJPI

rAJ
s + L(Y ) (11.2)

where X(σ, θ), Y (σ, θ) are now superfields,

PI
r = DrXI , P̂I

r = PI
r + AI

mDrY
m (11.3)

The superspace versions of (3.13), (3.14) are

L(Y ) = L′(Y ) − γrsAi
rAsi (11.4)
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and

L′(Y ) =
1

2

(
ḡmnCrs + b̄mnγrs

)
DrY

mDsY
n (11.5)

The supersymmetric version of the topological term (3.11) is

Ltop =
1

2
ΩIJγrsPI

rPJ
s (11.6)

and the component expansion of this gives the topological term (3.11) plus the total deriva-

tive of a fermion bilinear.

The constraint (3.12) becomes

P̂ = Sγ3P̂ (11.7)

The component expansion gives fermionic bilinear contributions to the constraint (3.12),

and a constraint on the world-sheet fermions ψI which reduces to ψ = Sγ3ψ in the free

case, so that ψa is a left-handed chiral spinor and ψa′

is a right-handed one.

As in the bosonic case, this can be imposed by choosing a polarisation and gauging as in

section 6, coupling to a superspace gauge field Γri. The superspace current J i
r corresponding

to (5.10) is

J i
r = Πi

IJ
I
r (11.8)

where

JI
r = LIJJrJ = SI

J P̂ J
r − (γ3)r

sP̂ I
s (11.9)

The supersymmetric gauging is given by adding to (11.2) the supersymmetric generalisation

of (6.6) given by

Lg =
1

2
CrsΓriJ

i
s +

1

4
HijCrsΓriΓsj (11.10)

Then eliminating the gauge field and X̃i as in section 6, one recovers the lagrangian (11.1),

giving the local equivalence of the formalisms. The discussion of quantisation and global

structure extend straightforwardly to the supersymmetric case.

The formulation of section 10 also generalises straightforwardly to superspace giving

the superspace lagrangian

L =
1

4
GMNCrs PM

r PN
s (11.11)

subject to the constraint

P = Sγ3P (11.12)
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